Abstract. The statement that Maxwell's electrodynamics in vacuum is already covariant under Lorentz transformations is commonplace in the literature. We analyse the actual meaning of that statement and demonstrate that Maxwell's equations are perfectly fit to be Lorentz-covariant; they become Lorentz-covariant if we construct to be so, by postulating certain transformation properties of field functions. In Aristotelian terms, the covariance is a plain potentiality, but not necessarily entelechy.
Introduction
Lorentz-covariance of Maxwell's equations is certainly the key link between classical electrodynamics and special relativity. While there is a clear consensus in the literature that 'the electrodynamic foundation of Maxwell-Lorentz's theory is in agreement with the principle of relativity,' and thus that Maxwell's equations are Lorentz-covariant, the true meaning of that statement appears to be somewhat elusive. Generally, it is demonstrated that Maxwell's equations are Lorentz-covariant if and only if the electric and magnetic fields and charge and current densities appearing in them transform according to some specific transformation laws. As is well known, this can be done basically in two ways: either transforming directly Maxwell's equations ('steep and difficult mountaineer's path') as Einstein originally did [1, 2, 3, 4] , or employing the powerful and elegant, almost dazzling, tensorial approach in Minkowski space-time. Neither way is very transparent to the student.
On the other hand, the student of relativity encounters frequently some potentially confusing locutions on Lorentz-covariance of Maxwell's equations which, in the long run, might lead the student to think that 'requirement of form-invariance is automatically fulfilled for Maxwell's fundamental equations of electrodynamics in vacuo.' For example, in his classic book, Møller [5] states: 'we saw that it is necessary to change the fundamental equations of mechanics in order to bring them into accordance with the principle of relativity. This is not so with the equations of electrodynamics in vacuum, the Maxwell equations, which, as we shall see, are already covariant under Lorentz transformations [...] .' In the same vein, Rindler [6] writes: 'Having examined and relativistically modified Newtonian particle mechanics, it would be natural to look next with the same intentions at Maxwell's electrodynamics, at first in vacuum. But that theory turns out to be already "special-relativistic". In other words, its basic laws, as summarized by the four Maxwell equations plus Lorentz's force law, are forminvariant under Lorentz transformations, i. e. under transformations from one inertial frame to another.' Similarly, Mario Bunge [7] asserts that relativistic electrodynamics 'is not a new theory but a reformulation of CEM [classical electromagnetism], which was relativistic without knowing it.' Also, in his fine book [8] , Ugarov affirms: 'It is remarkable that the system of Maxwell's equations formulated fifty years prior to the advent of the special theory of relativity proved to be covariant with respect to the Lorentz transformation, i.e. it retains its appearance, with the accuracy of variables' designations, under the Lorentz transformation. This signifies that the system of Maxwell's equations retains its appearance in any inertial frame of reference, and the principle of relativity holds automatically.' As the last characteristic example, I quote from a recent book by Christodoulides [9] : 'It is obvious that electromagnetic theory, as expressed by Maxwell's equations, is a relativistic theory, whose equations needed no modification in order to become compatible with the Theory of Relativity, at least as these apply to the vacuum. ' Recently, I pointed out that the above statements should be taken magno cum grano salis; when Lorentz-covariance of Maxwell's equations is at stake, nothing is fulfilled automatically [10] . I noted briefly that, for example, the so-called source-free Maxwell's equations, curlE = −∂B/∂t and divB = 0, are Lorentz-covariant if one defines E ′ and B
′ via E and B as given by the well-known transformation rules (see, e.g., [2] ). However, taking into account a possible relevance of the issue for teaching of the theory of relativity, and also taking into account that the issue appears to be still controversial, it is perhaps worthwhile to discuss in some detail what the abovementioned authors actually meant by 'Maxwell's equations are already covariant under Lorentz transformations.'
Mathematical prelude
The problem of Lorentz-covariance of Maxwell's equations is basically a mathematical question. In this Section, I will discuss a closely related auxiliary problem, attempting to keep off physics as much as possible.
We begin by writing a set of coupled partial differential equations
where E i = E i (x, y, z, t) and B i = B i (x, y, z, t), i stands for subscripts x, y, z, are functions of the mutually independent variables x, y, z and t. Introduce another set of the mutually independent variables x ′ , y ′ , z ′ and t ′ , and let them be the following functions of x, y, z and t
where γ ≡ (1 − v 2 /c 2 ) −1/2 , c ≡ 1/ǫ 0 µ 0 , ǫ 0 and µ 0 are positive constants, and v is a nonnegative constant satisfying 0 ≤ v < c.
As is well known (see, e.g., [2, 4, 9] ), expressing unprimed by primed variables in equations (1)- (4), employing the standard procedure which involves the chain rule for differentiation, after some manipulations one obtains that the following primed equations apply:
where
In equations (10)
2 )] and analogously for B ′ i and B i . Obviously, equations (6)- (9) have the same form as equations (1)- (4). Thus, transforming equations (1)- (4) by transformation of variables (5), one reveals that those equations imply that, in the primed variables, equations (6)- (9) of the same form apply under the proviso that E (6)- (9) . Note that, from equations (10) and (5), mutatis mutandis, one obtains the following inverse identities:
which of course are obtained quickly by interchanging primed and unprimed quantities and replacing v by −v in (10) . Assume now that functions E i and B i , in addition to equations (1)- (4), must also satisfy another set of equations:
where ̺ ('varrho') is just a symbol
and velocity field components
are some functions of x, y, z, t.
Introduce symbol
where E ′ i are given by identities (10) . Employing formulae for changing the corresponding partial differential coefficients
making use of identities (10) and equation (12) , one finds that ̺ transforms according to equation
under transformation (5) . The inverse transformation is readily obtained,
Finally, expressing unprimed by primed variables in equations (12)- (14), using identities (11), after a somewhat cumbersome calculation, one obtains that primed equations of the same form apply:
where E ′ i and B ′ i are given by identities (10), ̺ ′ by identity (17) , and
are obviously primed velocity field components. Thus, transforming equations (1)- (4), (12)- (14) by transformation of variables (5), one obtains that, in primed variables, equations (6)- (9), (21)-(23) of the same form apply under the proviso that E ′ i and B ′ i therein be defined by equations (10) (1)- (4), (12)- (14), one knows that E ′ i and B ′ i determined by equations (10) satisfy primed equations (6)- (9), (21)-(23).
Are Maxwell's equations Lorentz-covariant?
Now we discuss the problem of covariance of Maxwell's equations in vacuum under the Lorentz transformation. Assume that Maxwell's equations apply in an inertial frame S, where x, y, z and t have their usual physical meaning of space and time coordinates in S, and E i and B i are Cartesian components of the electric field and magnetic flux density, respectively, as measured in S. The Maxwell equations are the so-called source free equations (1)- (4), and Ampère-Maxwell's and Gauss's laws:
where ρ(x, y, z, t) is the volume density of charge (whatever the charge is), and u i are Cartesian components of the velocity field of the charge, expressed by equation (16); the standard Lorentz transformation is given by transformation of variables (5) . The only constraint imposed by equations (25)-(28) on ρ and u i is the equation of continuity,
which is a necessary condition for the validity of equations (25)- (28). Thus, the equation of continuity may apply even if Ampère-Maxwell's and Gauss's laws do not apply [11] . Transforming Maxwell's equations (1)- (4), (25)-(27) by transformation (5), taking into account equation (28) and results of the preceding Section, one obtains equations (6)- (9), (21)-(23). One also obtains, employing equations (17), (18) and (25), that
2 ρu x , and thus, using equation (28),
This is all one can extract from Maxwell's equations in the S frame, transforming them by the Lorentz transformation (5). Thus, solely on the basis of Maxwell's equations in S and transformation (5), it follows that, if E i and B i satisfy equations (1)- (4), (25) (6)- (9), (21)- (23) and (30). Moreover, comparing equations (25)-(27) with equations (21)- (23), and inspecting equations (28) and (30), the following important conclusion is readily reached: in order that unprimed Maxwell's equations imply that, in primed variables, equations of the same form apply (that is, in standard parlance, in order that Maxwell's equations be Lorentz-covariant), it is sufficient to define E ′ i and B ′ i by equations (10) and the volume charge density in primed variables, ρ ′ , by equation
(Since transformation properties of the charge are unknown, ρ ′ has to be defined by equation (31).) † Now we are armed with all the facts necessary to answer our query. Are Maxwell's equations Lorentz-covariant? That is, do Maxwell's equations retain their form and content under transformation of variables (5)? The correct answer appears to be: the Maxwell equations are ready-made to be Lorentz-covariant, but they are actually Lorentz-covariant only if we construct to be so (cf, e.g., [12, 13] ). As was demonstrated above, what exactly is sufficient to be postulated for the covariance emanates from the equations themselves. In this sense, and in this sense only, one can talk about 'a miracle [that] Maxwell, fully unaware of relativity, had nevertheless written his equations in a relativistically covariant form straight away' [14] . However, the covariance is not fulfilled automatically; there is no covariance without postulating specific transformation properties of the quantities appearing in the equations. ‡ One should keep this in mind. § † Einstein's [1] original demonstration that 'the electrodynamic foundation of Lorentz's theory of the electrodynamics of moving bodies is in agreement with the principle of relativity,' involves basically a tacit assumption that ρ ′ = ̺ ′ , and thus that equation (31) applies. Namely, transforming Ampère-Maxwell's and Gauss's laws, i.e. equations (25)-(28), 'with the assistance of the equations of transformations from $3 and $6 [of [1] ],' that is employing equations (5) and (10), he could have arrived solely at equations (21)- (23) and (30); to put also ρ ′ = ̺ ′ , as he did, is just the tacit additional assumption. Thus, transforming Maxwell's equations (1)- (4), (25)-(28) by the Lorentz transformation (5), and postulating Lorentz-covariance of those equations, he deduced the necessary conditions for the covariance (equations (10) and (31)). ‡ With the exception of course of purely geometric quantities, such as velocity and acceleration, which are already defined in both unprimed and primed coordinates, and whose transformation properties follow from the definition. § Incidentally, recall that the equation of continuity (29) itself is ready-made to be not only Lorentzcovariant but also Galilei-covariant (cf, e.g., [15, 16] ). Whichever covariance is preferred on physical grounds, the remaining one then becomes a purely mathematical property.
Concluding remarks
Take now that the Lorentz transformation (5) has its received physical meaning, i.e., assume that it relates space and time coordinates of an event in a given inertial frame S with the space and time coordinates of the same event in an inertial frame S ′ which is in a standard configuration with S. As is well known, assuming the validity of Maxwell's equations in the given frame S, and also taking that E ′ i , B ′ i and ρ ′ are defined by equations (10) and (31) (achieving thus Lorentz-covariance of Maxwell's equations), would ensure the validity of Maxwell's equations in any reference frame S ′ in uniform translation with respect to S, if the theory of relativity is valid. In this context, definitions (10) and (31) express the electric and magnetic fields and charge density in S ′ , and thus, basically, represent a fundamental physical assumption. However, as Bartocci and Mamone Capria pointed out, the plain possibility of achieving Lorentzcovariance of Maxwell's equations can be regarded as nothing more than an interesting mathematical property devoid of any physical contents [17] . It is perhaps instructive to recognize that the formal covariance can be employed as a handy tool, quite outside the relativistic framework [10] .
To summarize, in the context of physics, where Maxwell's equations describe physical fields and their sources in an inertial frame S, and Lorentz transformations relate space and time coordinates of the same event as observed in two inertial frames S and S ′ in relative motion, Lorentz-covariance of Maxwell's equations expresses a fundamental physical assumption that the same (primed!) Maxwell's equations describe the physical fields and their sources also in the S ′ frame. On the other hand, from the mathematical side, what is latent in Maxwell's equations is, first, that they are readymade to be Lorentz-covariant, and, second, the precise 'recipe' how to achieve that they actually be Lorentz-covariant. In Aristotelian terms, Lorentz-covariance is contained in Maxwell's equations as a plain potentiality, but not as entelechy; Maxwell's equations are Lorentz-covariant if we construct to be so, but they need not be. However, it was indeed a miracle that Maxwell had written his equations in a form perfectly fit to be Lorentz-covariant. From this perspective, Heinrich Hertz's feeling that Maxwell's equations 'give back to us more than was originally put into them,' proved prophetic.
Finally, note that, as is well known, analysis of Maxwell's equations can be often made much easier in terms of potentials. For the sake of completeness, a brief discussion of Lorentz-covariance of Maxwell's equations from the perspective of potentials, skipping the familiar details, is given in Appendix.
Thus, Rindler's formulation that Maxwell's equations 'fit perfectly into the scheme of special relativity' [18] , should perhaps be amended as 'can fit perfectly into the scheme of special relativity.' Incidentally, in a recent review of my book [19] , signed by three professors at Faculty of Physics, University of Belgrade, it is stated that 'Lorentz-covariance of Maxwell's equations is not "a fundamental physical assumption" [as D Redžić claims], but emanates from the equations themselves and is contained in them.' However, as our above argument reveals, Lorentz-covariance sensu stricto is not contained in Maxwell's equations; what is contained is a plain possibility, but not inevitability. The covariance takes place only if E First of all, recall that Maxwell's equations imply the equation of continuity (29):
which is a necessary condition for the validity of Maxwell's equations and thus it may be valid even if Maxwell's equations do not apply. Recall also that Maxwell's equations possess, inter alia, a nice property that they allow themselves to be considerably simplified mathematically by expressing E i and B i in terms of potentials Φ and A i introduced by
Assuming that the potentials satisfy the Lorenz gauge condition,
it follows that the potentials then should satisfy the inhomogeneous d'Alembert type equations:
Now transform the continuity equation (A.1) replacing unprimed by primed variables according to equations (5), employing formulae for changing partial differential coefficients
One obtains
Using equations (24), one has
Inspecting the last equation, the following conclusion is readily reached: in order that equation of continuity (A.1) implies equation of the same form and content in primed variables, it suffices to define the charged density in primed coordinates, ρ ′ , by
With that definition, equation (A.9) obviously reduces to 11) remark applies to ρ and ρu. Of course, in the latter case, the transformation rules (A.12) may be obtained without construction, as a consequence of the principle of charge invariance. Thus, in the language of potentials and 4-tensors, our main conclusion is reached in a simpler and more transparent way. Maxwell's equations are perfectly fit to be Lorentzcovariant; they become Lorentz-covariant only if we define the primed potentials and charge density so that (Φ/c, A) and (ρc, ρu) be 4-vectors of Minkowski space-time. Deciding that (Φ/c, A) and (ρc, ρu) be contravariant components of 4-vectors ensures Lorentz-covariance of Maxwell's equations, enabling us to recast those equations in an explicitly Lorentz-covariant form.
Thus, we can agree with Sommerfeld's [20] simile that 'the true mathematical structure of these entities [Φ and A] will appear only now [in the language of 4-tensors], as in a mountain landscape when the fog lifts,' only in the framework of the interpretation given above. Sommerfeld's claim that 'by reducing the Maxwell equations to the four-vector [A µ , J µ and the operators ∂ µ , = −∂ µ ∂ µ ] we have demonstrated at the same time their general validity, independent of the coordinate system' is, strictly speaking, incorrect. Basically, we have assumed a four-vector character of (Φ/c, A) and (ρc, ρu) and thus we have constructed that 'the Maxwell equations satisfy the relativity postulate from the very beginning.' This constructional aspect of Lorentz-covariance of Maxwell's equations, clearly enunciated by Einstein [21] long time ago, seems to be understated in the literature.
